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1. Introduction

Over the past six years, a new formalism combining the nice features of Ramond-Neveu-
Schwarz and Green-Schwarz approaches to quantization of the superstring [l has been
developed. The formalism is called the pure spinor formalism as it involves twistor-like
variables which take values in the space P of pure spinors in ten dimensions.

More precisely, the pure spinor formalism involves a geometric sigma model describing
the maps of the worldsheet ¥ to ten-dimensional super-Minkowski space, together with a
somewhat unconventional curved (57-system which describes the maps of 3 to the space P.
In the minimal pure spinor formalism, only the worldsheet fields A* which are holomorphic
coordinates on P are used.

Although one can compute scattering amplitudes using the minimal pure spinor for-
malism, the absence of a composite b ghost in the minimal formalism makes the amplitude
prescription non-conventional. In the approach of [, picture-changing operators are used
to construct a picture-raised version of the b ghost. Unfortunately, these picture-changing
operators are only Lorentz-invariant up to BRST-trivial terms, so manifest Lorentz covari-
ance is broken at intermediate stages in the computation.



A more elegant approach [fJ] uses the so-called Cech cohomology language, where the
b ghost is viewed as a collection of Cech cochains of various degrees, from zero to three, on
the space of pure spinors:

b= (ba) + (bap) + (bapy) + (bagss) - (1.1)
Here « etc. label the coordinate patches U, on the space of pure spinors:
P = Uq Uy, (1.2)

and one can choose the coordinate patches to be in one-to-one correspondence with the
components of an unconstrained spinor, i.e. & = 1,...,16. On the coordinate patch U,,
the component A% of the pure spinor is not allowed to vanish.

In this approach, manifest Lorentz invariance is broken by working with Cech cochains
which are defined on the (intersections of) coordinate patches, in our case on the space P of
pure spinors. Although the space of pure spinors is a homogeneous space of the (euclidean
version of the) Lorentz group, a particular coordinate patch is not. So, it is aesthetically
more appropriate to work in a formalism where the choices of coordinates on P are not
necessary.

A well-known alternative to the Cech language in algebraic geometry is Dolbeault
language where instead of the locally defined holomorphic objects, one deals with the
globally defined non-holomorphic ones. In the context of two dimensional sigma models,
the Dolbeault version is formulated by including the anti-holomorphic coordinates A\, on
P and the fermionic coordinates o, = d\,. In principle, there are two options — one
can treat these new coordinates as fields of the same worldsheet chirality as A%, as will be
done in this paper following [[], or as fields of the opposite worldsheet chirality, as is more
natural in the context of (0,2) models [H].

After including the non-minimal worldsheet fields (Aa,74), it was shown in [ff] how
to construct a composite b ghost and compute superstring scattering amplitudes as in
topological string theory without picture-changing insertions. The only subtletly in this
non-minimal prescription is that the composite b ghost contains factors of (A%\,)~!. When
functionally integrating over A* and A, in the scattering amplitude, these (A*\,) ™! factors
can cause a problem coming from the functional integration region where all components
of \* are zero. In [[], it was shown that this problem can be avoided for amplitude
computations up to two loops, but it was not shown how to resolve this problem for
computations with more than two loops.

In this paper, it will be shown how to resolve this problem for arbitrary multiloop
amplitudes by constructing a regularized version of the b ghost, b., which is non-singular
when (A*\,) — 0. The regularized b ghost will be defined as

be = e~ (W) (1.3)

where € is a positive constant, w, and wW® are the conjugate momenta to A* and \,, and
... is chosen such that (w,@w® + - - -) is well-defined, i.e. gauge invariant, and BRST-trivial.



This regularization procedure can be viewed as an analogue of turning on a metric
perturbation in the (0,2) model. Indeed, w,w" acts essentially as the Laplacian on func-
tions of pure spinors. If w® and w, were fields of opposite worldsheet chirality, the term

wow® would serve as an inverse metric perturbation of a curved beta-gamma system:
B0y + B:00" + o/ 9" BBz (1.4)

which preserves conformal invariance for special metrics that are Ricci-flat (in the first
order approximation) [fl]. In our case where the fields w, and wW® have the same chirality,
perturbations like ([.4) would break conformal invariance. Nevertheless, both in the con-
text of (0,2) models and in our case, perturbations like ([[.4) can be made Q-exact. Thus,
conformal invariance would be preserved at the level of Q)-cohomology.

Also, let us mention the réle of metric perturbations ([L.4) in the context of conventional
topological strings obtained by twisting (2, 2) supersymmetric sigma models. In particular,
for the A twist one obtains the theory with the Lagrangian [ff:

3,07 + B:07 + b0’ + b0 (1.5)

that ensures that the path integral localizes onto the space of holomorphic maps of the
worldsheet into the complex target space, which has an infinite radius metric in this descrip-
tion. This theory is well-defined (for compact targets) on genus zero, but for higher genera
(in the trivial instanton sector) the zero modes of the /3, 3,b,b fields need regularization.
One can turn on the deformation to finite radius by adding the term:

a'{Q, % gﬁ(biﬁg + Ez—ﬂi)} =a (gﬁﬂlﬁl—, + fermions) (1.6)

which, upon proper treatment of the coupling to worldsheet topological gravity, induces
the celebrated [§] ¢(H, ® Tx)) measure on the moduli space of Riemann surfaces of genus
g.

Since ([[.3) will be defined such that be = b+ {Q, €} for some €2, BRST-invariant
amplitudes are unaffected by the replacement of b with b, in the amplitude prescription
of [f]. Using the regularized b ghost, the multiloop amplitude prescription in the non-
minimal pure spinor formalism is therefore given by

N 39—3
= lim 39-3 1 z z .
A=ty [ a¥ <r:[ J e T [t N> (1.7

where [ @937 ([T, [ dzUn(2) TT29,° [(usb)) is the usual prescription of bosonic string
theory, AV is the zero mode normalization factor defined in [ which regularizes the func-
tional integral over the zero modes, and the right-moving contribution to A is being ignored.
Since BRST invariance implies that ([[.7) is independent of the parameter ¢, one can take
the limit € — 0 at the end of the computation.

The choice of the e-regularization is not unique. In the present paper we give one such
choice, in order to demonstrate that a completely regular expression for the amplitudes
exists. Although our construction can be motivated by the considerations of ([.f]), there



may well exist a much simpler regularization. At present, for generic multiloop superstring
amplitude computations, it is still difficult to evaluate the limit ¢ — 0 of ([L.4) since our
expression for b, is rather complicated.

However, for certain special amplitudes in which not all 8¢ zero modes are absorbed
by the external vertex operators, the e-regularization of the b ghost is unnecessary, and
it is easy to take the limit ¢ — 0 of ([L7). These special amplitudes can contribute to
ten-dimensional F-terms in the effective action, i.e. terms in which the superspace action
involves integration over fewer than 16 6’s for N=1 D=10, or fewer than 32 6’s for N=2
D=10.

It is interesting that topological string methods are also useful for computing F-terms
in the four-dimensional effective action coming from Calabi-Yau compactification [J, §, [L]].
In [fi], it was shown that these lower dimensional F-term computations can be reproduced
using a compactified four-dimensional version of the pure spinor formalism.

The paper is organized as follows. In section 2, the non-minimal pure spinor formalism
will be reviewed. In section 3, the regularized b ghost will be constructed using the heat
kernel method. In section 4, the multiloop amplitude prescription will be defined using the
regularized b ghost b, and it will be shown that this prescription simplifies for amplitudes
which contribute to ten-dimensional F-terms.

2. Review of non-minimal formalism

2.1 Minimal formalism

The minimal pure spinor formalism for the superstring is constructed using the (z™,60%)
variables of d = 10 superspace where m = 0 to 9 and o = 1 to 16, together with the
fermionic conjugate momenta p,. Furthermore, one introduces a bosonic spinor ghost A%
which satisfies the pure spinor constraint

A%y =0 (2.1)

where Vap are the symmetric 16 x 16 d = 10 Pauli matrices. Because of the pure spinor
constraint on A%, its conjugate momentum w, is defined up to the gauge transformation

dwe = A" (YmA)a, (2.2)

which implies that w, only appears through its Lorentz current N,,,, ghost current J, and
stress tensor T). These gauge-invariant currents are defined by
1
Ny = §w7mn)\, J = w A, Ty = wa,OX*. (2.3)

The worldsheet action for the left-moving matter and ghost variables is
1 _ _ _
S = /dQZ <§8xm6:ﬂm + pa00% — waa)\“> , (2.4)

and the right-moving variables will be ignored throughout this paper. For the Type II
superstring, the right-moving variables are similar to the left-moving variables, while for
the heterotic superstring, the right-moving variables are the same as in the RNS heterotic
formalism.



Physical open string states in the minimal pure spinor formalism are defined as ghost-
number one states in the cohomology of the nilpotent BRST operator

Q= /dz A%, (2.5)
where 1 1
m m )
do = Po — iweﬂaxm - gfyammgeﬂmae (2.6)

is the supersymmetric Green-Schwarz constraint.

Although one can compute scattering amplitudes using the minimal formalism, the
lack of a composite b ghost satisfying {@Q, b} = T makes the amplitude prescription uncon-
ventional. It is easy to see that the minimal formalism does not contain such a composite
b ghost since the gauge-invariant combinations of w, in (B-J) all carry zero ghost number,
so there are no gauge-invariant operators of negative ghost number.

2.2 Non-minimal worldsheet variables

As shown in [f], this difficulty can be resolved by adding non-minimal variables to the
formalism which allow the construction of a composite b ghost. The new non-minimal
variables consist of a bosonic pure spinor A, and a constrained fermionic spinor 7, satisfying
the constraints

AN =0 and AyPrs = 0. (2.7)

In d=10 Euclidean space where complex conjugation flips the chirality of spacetime spinors,
Ao can be interpreted as the complex conjugate to A*. The worldsheet action for the non-

minimal pure spinor formalism is
1 _ _ _ - _
/d22 <§8xm3xm + Pa00% — W, ON* — W O\, + so‘ara> (2.8)

where W and s® are the conjugate momenta for \, and r, with +1 conformal weight.

Just as w, can only appear in the gauge-invariant combinations
1 [e% (0%
Ny = g(wymn)\), J = wa NS, Ty = wa0AY, (2.9)

the variables w® and s“ can only appear in the combinations

_ 1 _ _ _ _

Ny = §(w7mn)\ — 8Ymn?), J=W"A\q — 571, T =wW"0Ny —s“0r,, (2.10)
1 _ _

Sin = 587,%”)\, S = 5%\, (2.11)

which are invariant under the gauge transformations
ow® = Km(’VmX)a =" (ymr)%, 0% = " (YmA)” (2.12)

for arbitrary A" and ¢™.



In order that the non-minimal variables do not affect the cohomology, the “minimal”
pure spinor BRST operator Q = [ dz A\%d, will be modified to the “non-minimal” BRST
operator

Qnonmin = /dz ()\ada+wara) . (213)

The new term [ dzw®r, is invariant under the gauge transformation of (.19) and implies
through the usual quartet argument that the cohomology is independent of (Ao, w®) and
(o, $%).

The ghost-number operator in the non-minimal formalism is naturally defined as
/ dz(A\wg — AoW®) (2.14)

so that \* carries ghost-number +1 and A, carries ghost-number —1. The corresponding
ghost-number anomaly was computed in [] to be +3, so the non-minimal formalism can
be treated as a critical topological string theory.

A simple way to understand the value +3 of the ghost number anomaly is to look at
the way the measure for the non-minimal fields is defined. The issue is the zero modes.
On a genus g Riemann surface, the field w, has 11g zero modes, A* has 11 zero modes,
and similarly for W%, Ao, s* and r,. The measure on w, A zero modes is defined using the
holomorphic top form € on the space P of pure spinors:
da

Dwa DX ~ Q9 Q= = = AL A APy, (2.15)

where we used the local parameterization of the pure spinor in the form:

A= Ap (1, by paplicq)) -

The form 2 has weight +8 under the symmetry generated by (R.14). So, the measure factor
Q!79 has charge 8(1 — g) on the genus g surface. At the same time, the measure on X, 7
fields is defined canonically, as the fermions r are in the antiholomorphic tangent bundle
to P. The zero modes of A, r and the corresponding momenta bring a factor

DDA, DsDry ~ Q' 7|
where
Q=d"Ad"r

has charge —11 under (R.14). Thus, the total anomalous charge is +3(g — 1) on the genus
g Riemann surface, as claimed.

2.3 (ech and Dolbeault

The addition of non-minimal variables and the construction of Q.onmin can be understood
as standard techniques which are used in relating Cech and Dolbeault cochains. To describe

Cech cochains, first express the space of pure spinors P as the union of coordinate patches



U, for @« = 1 to 16 where the component A* of the pure spinor is required to be non-
vanishing on U,. The analysis of anomalies of the curved [v-system on the pure spinor
space implies that the point A = 0 is not in P [LT], thus one can always find « such that a
given point A € P belongs to the coordinate patch U,. So P = UU,.

The Cech k-cochain is an object 1aga;...q; Which is holomorphic on the intersection

Unpar...ap, = Uag MU, N oo MUy, (2.16)
and which obeys

(&‘p)aoal...ak = walag...ak - waoag...ak + - (_1)k¢o¢oa1...ak_1 =0. (217)

The standard way to relate Cech and Dolbeault cochains is to use the so-called partition
of unity (cf. [f]). In the case of the space of pure spinors it can be taken to be:

1 _
pa =G e (2.18)
where the functions p, vanish outside the corresponding domains U,, and they sum to

unity
16
Sp=t
a=1

Note that (A)\) denotes 2/136:1 Xg)\ﬁ and repeated indices are not assumed to be summed
over in this subsection.

Now, given a Cech cochain satisfying (B-17), one can define the corresponding Dolbeault
cocycle, i.e. a O-closed differential form of type (0,p — 1):

1

v== > Yor P00y A N Dpay,. (2.19)
p. ALy..,Qp

An important generalization of this well-known construction consists of replacing the func-
tion valued cochains (¢ ) by cochains which take values in some (super)commutative

algebra, of even complex, and by replacing the operator 0 by the general operator 0 + Q
where @ is the differential in this complex. The resulting globally defined form ) obeys

@+Q)p =0
iff the Cech cochain verifies
(6+ Q) =0,

To compare with the non-minimal formalism described in the previous subsection, define

16 16
Q= Z/dz \d, and 0= Z/dz Wrq, (2.20)
a=1 a=1

$0 that Qnonmint = (0 + Q){p\ Using this definition, one finds in (.19) that

= AN)7a — (T2 Aa o
0pa = )2 A% (2.21)




2.4 Construction of b ghost

Although there is no globally defined operator in the minimal formalism satisfying {Q, b} =
T, a b ghost can be constructed in the non-minimal formalism using the operators [G?,
HoBl [lef] | plaBrd]) which carry zero ghost-number and satisfy [ B

{Q,G*Y = xoT, [Q,H!* = e {Q, Ko} = \egH],
[Q, LAl = Nl gBrdl - Nlepfsl — g, (2.22)

As discussed in [E], this construction can be naturally understood in Cech language by
defining

b= (ba) + (bap) + (bagy) + (bapys) (2.23)

where [(ba), (bag)s (Dagy)s (bagss)] are Cech cochains of degree zero to three defined by

Ge Hlesl K leB] JACTER

(ba) = Fa (baﬁ) = W, (baﬁ'y = m, (baﬁﬂ/é) = W' (2'24)

It is not difficult to show that (.22) implies that {Q + d,b} = T. Using the methods of
the previous subsection, the corresponding globally defined Dolbeault form is therefore
B pWes XargH[aﬁ] Xarng[aﬁ'” Xarﬁmn;L[aﬁ“f‘ﬂ
BOYY ()2 ()3 ()4

, (2.25)

which satisfies {Qnonmin, b} =T

Finally, to construct a bponmin ghost satisfying {Qnonmin, bnonmin} = Tnonmin Where
Thonmin = T + W OAa — s%0ry, one defines bponmin = b + s*O\,. Plugging in the explicit
form of the operators [G*, H(*A], K87 L1oB7)] one finds that [[]

N (2T (Y d)® — Ny (77700)% — J5 06~ — 1526

bnonmin = SaaXa +

4(AN)
(me"pr)(dwmngd + 24Npnllp) (Twmnpr)(gvmd)]\f np
192(W\)2 16(WN)3
N\ APqT mn
(r'ymnpr)()\’y_ r)N qu. (2.26)
128()\)\)4

Note that throughout the rest of this paper, the subscript nonmin will be dropped
from byonmin and Qnonmin. Instead, we shall sometimes use the subscript min, in order to
stress the use of the minimal formalism.

2.5 Amplitude prescription

Using the composite b ghost defined in (2.2§), the naive topological prescription for N-point
g-loop amplitudes is

A= / d* 37
Mg N

39—3

11 (/ dwj(wy)b(w;)) [ erU(Zr)> (2.27)

j=1 r=1



where 7; are the complex Teichmuller parameters, u; are the associated Beltrami differen-
tials, [ dzU(z) are the BRST-invariant integrated vertex operators which can be assumed
to be independent of the non-minimal fields, ( ) denotes functional integration over the
worldsheet fields, and the right-moving contribution to A is being ignored. Since the
ghost-number anomaly of the non-minimal formalism is +3, this topological prescription
is reasonable. However, as explained in [[f], there are two subtleties with this amplitude
prescription which are associated with the functional integration over the pure spinors.

The first subtlety is that the bosonic ghosts (A%, \,) have 22 non-compact zero modes,
and integration over these zero modes produces infinities when A\ — oo. Similarly, the
conjugate momenta (wg, w*) have 22¢g non-compact zero modes on a genus g surface which
also produce infinities when w — oo. Fortunately, these infinities are cancelled by zeros
coming from integration over the zero modes of the fermionic variables (6%,7,) and their
conjugate momenta (pq, s®).

The 0/0 factors coming from integration over the bosonic and fermionic zero modes
can be regularized by inserting an operator N = e{@X} into the integral over the zero
modes. Since N' =1+ {Q, 2} for some ), the choice of x does not affect BRST-invariant
expressions. A convenient choice for x is [

g

_ Y po 1 1 mnl Iql
X = =AY — Z(2Nmn5 + JIsh) (2.28)
=1
where [NL  JI SL ST] are the zero modes of [Ny, J, Sy, S] of (B:9) and (-10) obtained

by integrating these currents around the I** a-cycle, e.g. NI, = faz dzNpn(2).
With this choice,

g
N = exp (-Aav —rab® =3 | SNp N LRy L St AN+ ST ] > ,
I=1
(2.29)

which imposes an exponential cutoff for the non-compact bosonic zero modes. Although
N is not manifestly invariant under spacetime supersymmetry transformations or under
modular transformations of the genus g worldsheet, it is easy to show that it changes by
BRST-trivial quantities under these transformations. Since N only involves worldsheet
zero modes, these BRST-trivial quantities are harmless and cannot produce surface terms
in the integral over the Teichmuller moduli. Note that the regulator A is somewhat similar
to the projection form used in topological gauge theory to fix the fermionic gauge invariance
(see, e.g. [12)).

The second subtlety with (R:27) is more difficult to resolve and comes from the sin-
gularities in the b ghost of (2:26) when (A\) — 0. Since the measure factor for the pure
spinors converges like (AA)'' when (A\) — 0, these singularities are dangerous if they

~11. Since each b ghost can diverge like (AX)~3, there

combine to diverge as fast as ()
are potential problems with the amplitude prescription when there are more than three b

ghosts, i.e. when g¢;2.



As explained in [f]], this second subtlety is related to the existence of the operator

¥ 11
WA - (—rg)!
= o))y (2.30)
NN + 1308 nzl K

which satisfies {Q, ¢} = 1 and diverges like (AX) ™. Since QV = 0 implies that Q(£V) =V,
the existence of the operator £ naively implies that the BRST cohomology is trivial. So if
operators which diverge as (AX)~!! are allowed in the Hilbert space, the BRST cohomology
becomes trivial and one should expect to encounter problems in correlation functions and
scattering amplitudes.

It is instructive to give the Cech picture of the &-operator. It is given by the inhomo-

6« 668 6l ...016
&= (A_a>+<>\aA6>+"'+<A1...A16> (231)

06 + Qmin§ = 1. (2.32)

In the following section, this second subtlety will be resolved by constructing a regularized

geneous cochain:

which obeys:

version of the b ghost which is non-singular when (A\) — 0. After replacing the b ghost
with its regularized version, it will be possible to use the prescription of (2.27) to compute
arbitrary multiloop amplitudes.

3. Regularization of b Ghost

3.1 Regularization of local operators

In our regularization method, we will deal with operators such as the b ghost which involve

singular-looking expressions like
1

(AN)!
with [ < 11. It is important to show that correlation functions of such operators are finite in
the pure spinor 37 system. To this end we shall produce now a @)-invariant regularization,
which does not change the -cohomology class of an operator, while making it explicitly
non-singular.

The idea of this regularization can be first explained in the example of quantum me-
chanics, where we do not deal with the issue of Q-invariance. So let us first study the
quantum mechanics of a particle with zero Hamiltonian in a phase space with the coordi-
nates (pm,q™) for m =1 to d. Suppose we face the following problem:

Let O;(q) be a function which has a pole of order [ at the point ¢ = 0. Then, naively,
the correlation function

(0,0, ...0,,) = /ddq O (9)0,(q) ... O, (q) (3.1)

is singular when Iy +ly +--- + 1, > d.

,10,



Now imagine adding the Hamiltonian €2A = €2¢""p,,pn where € is a constant. As

long as the operators Oy, (q) are separated and satisfy the individual conditions /;, < d, the
smearing due to the heat kernel evolution will make them non-singular. Indeed, we have

the heat kernel regularization of local operators:

O1(q) = Opc(q) = e“20y(q) = eI "PnPa Oy (g)

1 o 1 B
_ - /ddf e—f2ezef pmol(q): n /ddfe fQOl(q—i-Ef)
(47)2 (47)2
1 ,
= o o) (32
TES) 2

where ¢ = g + €f. Note that in the above derivation, g,,, is assumed to be constant and
the momenta p,, are treated as operators.
Now, as long as [ < d, the integral in (B.2) converges, and is non-singular at ¢ = 0:

O1(q — 0) x ¢! < . (3.3)

So the heat kernel regularization has “smeared out” the singularity of O;(q) at ¢ = 0. A
similar regularization will be now proposed for observables on the pure spinor space such
that

O = O (M) = e 2ONN). (3.4)

3.2 Regularization in pure spinor space

Since w, and W* are the conjugate momenta to A* and \,, a naive guess for the Laplacian
on pure spinor space is A = w,w®. So the naive generalization of (B.3) to pure spinors is

Y 1 T _—fof. ie(fPwatf Wa
O\ ) = W/d“fd“fe Ffagielf watfa®a) (), X)

1 — _faf -
= W/dﬂfdﬂf e T O(N, X

!/

) (3.5)

where N = A +¢f, N = A+ef, and f¢ and f, are pure spinors. However, since N = A +e¢f
is not necessarily a pure spinor, this definition needs to be modified. The problem is that
we and WY are not gauge-invariant under (2.2) and (2.19), so their commutation relations
with A* and \, are not well-defined.

Gauge-invariant versions of w, and w® can be defined as

Wo = OF) (=5 (0™ 0) G T — O T
T = (707 (g (™) (e ) — 3 (30) 1) (36)

where f¢ and f,, are constant pure spinors. Using the identity

1
) s
3300 = 57%% -

1

mn 1
g(’y )Oéfy(’)/mn)ﬁé - 15352 (3.7)

— 11 —



which can be proven by contracting both sides of (B.7) with 7, o , ngr or 7§£~st’ one finds

that

— 1 - 1 - 1 —
O = 507" )N — 5(0™0) G Pl — 3 (A F o (38)
So in the gauge wy™f =Wy f =0, Wy = wq and W* = w°.
Note that W, can be written more compactly as:
1
W = (00" = JAL) (3.9)
where
A= i_f (3.10)
Af

Although the global gauge-invariant differential operators on P are polynomials in N,
and J, which act by “rotations” which preserve the point A = 0, the parameters of the
“rotations” in (B.9), (B.10) are singular at A = 0, allowing the operators W, to shift the
“bad” point A = 0 in what follows.

One can therefore define

Oc(A\X) = 111 / AU fANT eI Tagie Wat P W) O () N) (3.11)

(4m)
as a gauge-invariant version of (B.§). Although W, of (B.6) needs to be normal-ordered, the
normal-ordering ambiguity commutes with \* and therefore does not affect the definition

of (B.11]). Using the OPE’s of N™" and J with A%, O.(A\\) can be expressed as:

1
(4m)1t

4

0.\ X) = / AU FUTF eI Ta OV, W) (3.12)

where

[(A+ e )™+ eN(mf)*
AN +ef)Pfy

[(A+ e V™A + eNl(vmfa
AN +ef)pf” '

Note that [ d fd' f denotes [ QQ(f*f,)3 where Q = d;;f and Q = d}—? are the holomor-

phic and antiholomorphic top-forms on the space of pure spinors. As will be seen in the

)\/Oé _ eiefﬁwﬁ)\a — \¢ —|—€fa—

)

.7 58— — —
= SV =Xy +ef ) —

>
Q

(3.13)

following subsection, the additional factor of (f®f,)? in the integration measure is absent
in the BRST-invariant generalization of (B.13).

It is easy to check that M and X of (B.13) are pure spinors satisfying 'y, N = Nym\ =
0. In fact, one way to derive (B.13) is to require that )\ is a pure spinor and that \'* =
A 4 efY 4+ Q" (v f)* for some Q™. The additional term proportional to Q™ comes from
the commutation relation

1 _
(W AB] = 55 - 5(’7m)‘)a(’7m)‘ 1)ﬁ- (3.14)
Another way to understand () is to use the parameterization

A = AT (1, gp, Ufapticq)) (3.15)

- 12 —



of a pure spinor. Then, given two pure spinors, A and ef = ef " (1, Dab, qﬁ[abqﬁcd}), one can
construct the third one by taking

NO= (At +eft)- (1,ugb,u'[abulcd}) (3.16)

where

U = >‘+uab + €f+¢ab )
ab A+ Eer

This “addition of pure spinors” is equivalent to (B.13) for f = (1,0,0).

It will now be argued that O, (\,\) in (B.13) is well-defined for all values of \ if one
assumes that O(N, X) ~ (X))~ where 0 < n < 11. Firstly, note that when A* — 0 and
Ao — 0, (B.13) implies that \'* — f and No — fo So as in the quantum-mechanical
example, the regularization O(X,\) — O(\, \) smears out the singularity of O(\, ) at
A = X = 0. Since O(\, \) diverges slower than (AX)~!!, there are no singularites in O(\, )
when A = X\ = 0.

Secondly, note that when (A + ef )ﬁfﬁ — 0, (B-13) implies that X" diverges. However,
since O(N, X) ~ (MX)™" for n > 0, Oc(A, X) remains finite when X diverges.

Finally, suppose that A is chosen such that \'® = e’/ "Ws A vanishes. For B.12) to be
well-defined, it is necessary that the measure factor d'! fd'! f converges faster than (\ X,)"

(3.17)

when M — 0. It will be useful to consider separately the cases when A* = 0 and when
A% is non-zero. When A% = 0, (B:1J) implies that X' = ef. So d' fd'lf = 21\ @Y
which converges as (N X,)H near \' = 0. When \“ is non-zero, one can choose a Lorentz
frame in which A" is non-zero and uq, = 0 in (B:15). Using the parameterization of (B:14),
XN — 0 implies that (AT + ef") — 0 with u/, held fixed. Since ([B.17) implies that
Gap — (AT + 6f+):‘}lﬁ, one finds that d'! fd''f converges like |AT + ¢f¥|?? when \'® — 0,
which is fast enough to cancel the (N X,)_" divergence if n < 11.

3.3 BRST-invariant regulator

To make the regularization method of (B.11) BRST-invariant, it is convenient to introduce
constant bosonic pure spinors f¢ and f,, and constant constrained fermions ¢® and g,,

satisfying
" f=0, gy f=0, fA"f=0, fA"f=0, (3.18)
and to define [f%, f.,, g% G,] to transform under BRST transformations as
Q. f]=0, (@ fa]=7a {Q.9°} =/ {Q.Fa}=0. (3.19)

The constraints of (B.1§) imply that f®, f,, ¢* and g, each have eleven independent
components.
Geometrically, the Q-operator (B.19) can be identified with the operator

0+tp

acting on the space Q%°*(P) of all differential forms on the space of pure spinors. Here
E = )\(% is the holomorphic Euler vector field. The familiar U(1) action on P is generated
by the vector field U = —i(E — F). In this picture ¢* = df“, g, = df,. The operator (B.19)
can be viewed as a “half” of the U(1) equivariant differential d + 1y ~ Q + Q.
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We have

which is the U(1)-equivariant symplectic form on P. Furthermore, if one defines

Wao = ()‘?)_1 (iNmn('Ymn?)a - %J?a> )
V= (N7 (S~ 2T, (3:20)

one finds that
(1 1, -1 1 (\9)
Wal = AN =MV d) (Y™ o + = (N “Npn (Y™ G) e — =JG,, | — LW,
(@, Wa] = (Af) (8( Ynd) (V" fla + 7 (Ad) fo + 7 Non (V™" 9)a — 7 ga> o7
-1 Lxemn 1— (fr)
VY = (fX 1<—N mn gye 2 “)——_V“. 3.21
@V = m (0 - 7)o (3:21)
Up to terms involving fermions, it is easy to verify that feW, + f,Wa = Q(¢° Wy +
faV®). Therefore, a BRST-invariant generalization of (B.11)) is

O\ N) = / A1 fa1Fal gdllg e (Tl “H8a9) Q™ WatFa VI O() X) (3.22)
or, in a more concise way:
Oc(A ) = / e~ Fal*HdfaNdf* gieQUdf T Wat Fa V) O\ ) . (3.23)
P

The integration measure in (B.29) is defined by simply expanding the exponential until
the top degree form, i.e. the 22-form, is produced. So in the BRST-invariant version of
Oc(), A, the integration measure is simply QQXY where
dll o dll_
= f—gf Q= ——:»,f
f
are the top degree forms.
As before, one can show that O(\, ) is well-defined at A = X = 0 as long as O(\, \)
diverges slower than (AX)~''. And since O, = O + {Q, x.} for some ., BRST-invariant
amplitudes involving O, will be independent of the parameter e.

> = f3dly, ¥ =7Fdllg, (3.24)

3.4 Regularized b ghost
The regularization method of (B.22) is easily generalized to the worldsheet operator b(z)
of (.26) by defining
be(y) = / d' fa' fatgd!tg e ol 199" 1 (y) (3.25)
where B B
W (y) = 1@ 9§ U+ §d=V(2)} () oiel@ 9§ deU2)+] §dzV (2)} (3.26)
Ua(z) and V(z) are the holomorphic currents defined in (B.2(), and the contour integrals
in (8.20) go around the point y.
Since be(y) = b(y) +{Q, xe(y)} for some x(y), {Q,be(y)} = T'(y) and BRST-invariant

scattering amplitudes are independent of the value of €. Furthermore, since b(y) diverges
slower than (AX)~!, b.(y) has no singularities at A\(y) = A(y) = 0.

- 14 —



4. Multiloop amplitude prescription

Substituting the regularized b, ghost of (B.25) for the b ghost, the N-point g-loop amplitude

prescription of [ff] becomes

39—3 N
A= lgr(l) 3393+ < H (/ dwj,uj(wj)be(wj))r:l—[l/derr(zr) N> (4.1)

j=1

where N is the same regulator for the zero modes as defined in (R:29). For non-zero €, the
functional integral is well-defined and, since b = b+ {Q, x.} for some x., the amplitude
prescription is independent of € up to possible surface terms. So one is free to take the
limit € — 0 after performing the functional integral.

In the multiloop amplitude prescription of ([.1]), the functional integral is vanishing
unless the integrand contributes 16 6 zero modes for open superstrings, or 32 6 zero modes
for closed Type II superstrings. Since the b, ghost is manifestly spacetime supersymmetric,
these 0 zero modes can only come either from superfields in the external vertex operators
U, or from the e~ 79 term in the zero mode regulator N of (£:29).

To evaluate ([L.1), it is useful to separate the correlation function into two types of
terms: terms in which at least one 6 zero mode comes from the zero mode regulator N,
and terms in which none of the 6 zero modes come from the zero mode regulator. As will
now be explained, the first type of terms can contribute to F-terms in the ten-dimensional
effective action and are easier to evaluate since they do not require e-regularization. The
second type of terms are more complicated to evaluate, however, it will be shown that they
only contribute near the region A = A = 0.

4.1 Ten-dimensional F-terms

Although one does not know how to construct off-shell D=10 superspace actions, one
can construct higher-derivative D=10 superspace actions which are functions of on-shell
linearized superfields. Ten-dimensional F-terms are defined as manifestly gauge-invariant
terms in the superspace effective action which cannot be written as integrals over the
maximum number of #’s. In the massless vertex operator for open superstrings, the gauge-
invariant superfield of lowest dimension is W (x, §) whose lowest component is the gluino
of dimension % Since N=1 D=10 superspace contains 16 8’s, any term in the superspace
action involving M superfields W< which is integrated over the full superspace has dimen-
sion > (M + 16)/2. Therefore, any term in the N=1 D=10 superspace action involving
M field-strengths which has dimension less than (M + 16)/2 is necessarily an N=1 D=10
F-term.

In the massless vertex operator for closed Type II superstrings, the gauge-invariant
superfield of lowest dimension is W3(x,0,0) whose lowest component is the Ramond-
Ramond field strength of dimension 1. Note that the dilaton and axion are dimension
zero fields, but they always appear with derivatives in the massless vertex operator. Since
N=2 D=10 superspace contains 32 6’s, any term in the superspace action involving M
superfields W% which is integrated over the full superspace has dimension > (M + 16).
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Therefore, any term in the N=2 D=10 superspace action involving M field-strengths which
has dimension less than (M + 16) is necessarily an N=2 D=10 F-term. For example, since

the curvature tensor R, has dimension 2, the term

/ d*x/g0" RM (4.2)

in the Type II effective action is an N=2 D=10 F-term if L + 2M < M + 16, i.e. if
L+ M < 16.

If all § zero modes come from superfields in the external vertex operators in ([.1]),
the resulting term in the superspace effective action is expressed as an integral over the
maximum number of 8’s and therefore does not contribute to F-terms. However, if any
of the 0 zero modes come from N, the resulting term in the superspace effective action
is expressed as an integral over a subset of the #’s. Although this does not automatically
imply that it is an F-term (since it may be possible to rewrite the expression as an integral
over all the #’s), it might contribute to F-terms.

So any term in the scattering amplitude which contributes to an F-term in the effective
action must receive at least one 6 zero mode from N. It will now be shown that any such
term diverges slower than (AX)~!! and therefore does not require e-regularization of the b
ghost.

To show that terms receiving 6 zero modes from N do not require e-regularization,
first note that BRST invariance implies that the e~ 719) torm in A can be modified to

e=POAMTO) for any positive p. Because

e POMTO) — {Q=pON} — 1 | {Q.6,} (4.3)
for some £,, BRST-invariant ampitudes are independent of the value of p.

Suppose one computes the amplitude (F(\,A) N) where F(\,)) is some BRST-
invariant operator. Then p-independence implies that the (—pfr)™ terms in

11
o POX4r0) _ —pAX <1 n Z l'(_par)n>
n:
n=1

can only contribute to (F(A,A) N) if [dMAdIA F(\N) e=PX has poles in p. But this
implies that F'(\, ) diverges slower than (A\)~1! since

/ AN (AN) e o it (4.4)

So 6 zero modes in A can only contribute to (F(X\, A) N} if F(\, ) diverges slower than
(AXN)~!1, which implies that e-regularization is unnecessary. So any term which receives
6 zero modes from N can be evaluated by directly setting e = 0 before performing the
correlation function.
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4.2 Terms requiring e-regularization

For terms in which all 8 zero modes come from the vertex operators, p-independence of the
amplitude implies that (£4) cannot have poles in p, so { > 11. Therefore, [ dAd*X (AX)~
diverges and e-regularization of the b ghost is necessary. Although the computation of these
terms is complicated, integration over the non-minimal fermions r, will imply that the only
contribution to these terms comes from the region near A = X = 0.

To show that the only contribution come from the region near A = X = 0, first note
that the unregularized b ghost of (R.26)) commutes with the conserved charges

j{dz(ras“ — A\*w,) and %dzxasa. (4.5)

In other words, all terms in the unregularized b ghost have r-charge opposite to their -
charge, and are invariant under the shift 67, = c\, for constant c¢. Furthermore, since ([£4)
has no poles in p, p-independence implies that one can directly set p = 0 in A so that

) . (4.6)

One can check that (f.6) also commutes with ([L.5), so if the vertex operators U, are chosen

g
1 xTnmn - 1
Np=o = exp ( Z[ — SN N T St dIa = ST ]
I=1

to be independent of the non-minimal variables, the unregularized integrand

39-3 N
H b(ws) H Ur(zr) Np=0 (47)
s=1 r=1

commutes with the charges of ({.5).

This implies that before performing e-regularization of these terms, the integrand
of ({.1]) has the form

Q1.0 14k Tag - - TOéu-Hc
2 ()i -

where Cgl”'a“““ are operators which carry zero A-charge and zero r-charge, and which
satisfy XalC,gm"'a“”) =0.

Since 7, has eleven zero modes, at least k of the (114k) 7’s in ([£.§) must contribute non-
zero modes. Furthermore, when k = 0, at least one of the eleven 7’s in (£.§) must contribute
a non-zero mode because of the invariance under 6ry, = c¢\,. So for the correlation function
to be non-vanishing, terms coming from the e-regularization must provide non-zero modes
of s® which can contract with these non-zero modes of r,,.

These s, non-zero modes can come from V¢ of (B.20) through the regularization factor
¢i9a $ A2V iy be, which means that each s* non-zero mode comes multiplied by a factor of
€. So these terms vanish in the limit e — 0, except near A = A = 0 where e-regularization
can produce poles in €. Therefore, to evaluate terms in which all # zero modes come from
vertex operators, one only needs to evaluate the functional integral [ d"'Ad"' X near the
point A = X\ = 0. It might be possible to explicitly evaluate the contributions of these delta
functions at A = A = 0, however, this will not be attempted here.

,17,



Acknowledgments

We would like to thank M. Green, H. Verlinde and E. Witten for discussions, and O. Bedoya
Delgado and C. R. Mafra for correcting a coefficient in equation (3.7).

The research of N.B. was partially supported by CNPq grant 300256/94-9, Pronex

grant 66.2002/1998-9, and FAPESP grant 04/11426-0, and that of N.N. by European RTN
under the contract 005104 ”ForcesUniverse”, by ANR under the grants ANR-06-BLAN-
3.137168 and ANR-05-BLAN-0029-01, and by the grants RFFI 06-02-17382 and NSH-
8065.2006.2. We both thank the Institute for Advanced Study at Princeton for hospitality
during the work on this project. N.B. also thanks IHES, Bures-sur-Yvette, for hospitality
and N.N. thanks MSRI, Department of Mathematics at UC Berkeley and NHETC at

Rutgers University for hospitality during various stages of preparation of the manuscript.

References

[1]

2]

[3]

[4]

[5]

[6]

N. Berkovits, Super-Poincaré covariant quantization of the superstring, JHEP 04 (2000) 01§
[hep-th/0001034].

N. Berkovits, Multiloop amplitudes and vanishing theorems using the pure spinor formalism
for the superstring, [JHEP 09 (2004) 047 [hep—th/0406055ﬂ; Covariant multiloop superstring
amplitudes, Comptes Rendus Physique 6 (2005) 185-197 [hep-th/0410079].

N. Nekrasov, Lectures at the 23d Jerusalem winter school in theoretical physics, The Hebrew
University Jerusalem, January 2-5, 2006
http://www.as.huji.ac.il/schools/phys23/media?2.shtmll.

N. Berkovits, Pure spinor formalism as an N = 2 topological string, |JHEP 10 (2005) 089
[hep-th/050912(]].

E. Witten, Two-dimensional models with (0,2) supersymmetry: perturbative aspects,
lhep-th/050407§.

A.S. Losev, A. Marshakov and A.M. Zeitlin, On first order formalism in string theory,

Lett. B 633 (2006) 375 [hep-th/0510064].

[7]

E. Frenkel and A. Losev, Mirror symmetry in two steps: A-I-B, [Commun. Math. Phys. 269

(2007) 39 [hep-th/0505131]].

8]

[9]

[10]

[11]

[12]

M. Bershadsky, S. Cecotti, H. Ooguri and C. Vafa, Kodaira-Spencer theory of gravity and
exact results for quantum string amplitudes, |Commun. Math. Phys. 165 (1994) 311|
[hep-th/930914(.

I. Antoniadis, E. Gava, K.S. Narain and T.R. Taylor, Topological amplitudes in string theory,
[Nucl. Phys. B 413 (1994) 162 [hep-th/930715§].

N. Berkovits and C. Vafa, N = 4 topological strings, |Nucl. Phys. B 433 (1995) 123
[hep-th/940719(].

N.A. Nekrasov, Lectures on curved beta-gamma systems, pure spinors and anomalies,
hep-th/0511008.

S. Cordes, G.W. Moore and S. Ramgoolam, Lectures on 2D Yang-Mills theory, equivariant
cohomology and topological field theories, |Nucl. Phys. 41 (Proc. Suppl.) (1995) 184
[hep-th/941121(].

,18,


http://jhep.sissa.it/stdsearch?paper=04%282000%29018
http://arxiv.org/abs/hep-th/0001035
http://jhep.sissa.it/stdsearch?paper=09%282004%29047
http://arxiv.org/abs/hep-th/0406055
http://arxiv.org/abs/hep-th/0410079
http://www.as.huji.ac.il/schools/phys23/media2.shtml
http://jhep.sissa.it/stdsearch?paper=10%282005%29089
http://arxiv.org/abs/hep-th/0509120
http://arxiv.org/abs/hep-th/0504078
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB633%2C375
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB633%2C375
http://arxiv.org/abs/hep-th/0510065
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C269%2C39
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C269%2C39
http://arxiv.org/abs/hep-th/0505131
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C165%2C311
http://arxiv.org/abs/hep-th/9309140
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB413%2C162
http://arxiv.org/abs/hep-th/9307158
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB433%2C123
http://arxiv.org/abs/hep-th/9407190
http://arxiv.org/abs/hep-th/0511008
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHZ%2C41%2C184
http://arxiv.org/abs/hep-th/9411210

[13]

[14]

[15]

E. Witten, Two-dimensional gauge theories revisited, |J. Geom. Phys. 9 (1992) 303
lhep-th/9204083].

A.S. Schwarz and A.A. Tseytlin, Dilaton shift under duality and torsion of elliptic complez,
[Nucl. Phys. B 399 (1993) 691| [hep-th/9210015].

E.J. Martinec and S.L. Shatashvili, Black hole physics and Liouville theory,

368 (1992) 333

[16]

[17]

18]

M. Roéek and E.P. Verlinde, Duality, quotients and currents, |[Nucl. Phys. B 373 (1992) 63(
[hep-th/9110053].

A .M. Polyakov, Quantum geometry of bosonic strings, |Phys. Lett. B 103 (1981) 207;
Quantum geometry of fermionic strings, |Phys. Lett. B 103 (1981) 211].

A.A. Belavin, A.M. Polyakov and A.B. Zamolodchikov, Infinite conformal symmetry in
two-dimensional quantum field theory, |Nucl. Phys. B 241 (1984) 333.

N. Seiberg and E. Witten, String theory and noncommutative geometry, JHEP 09 (1999) 032
[hep-th/9908142).

E. Frenkel, A. Losev, N. Nekrasov, Instantons and conformal field theories, to appear.

V.G. Knizhnik, Analytic fields on riemannian surfaces, |Phys. Lett. B 180 (1986) 247;
Analytic fields on Riemann surfaces II, |Commun. Math. Phys. 112 (1987) 567.

D. Friedan, S.H. Shenker and E.J. Martinec, Covariant quantization of superstrings,

Lett. B 160 (1985) 53; Conformal invariance, supersymmetry and string theory, |Nucl. Phys

B 271 (1986) 93

A. Kotov, P. Schaller and T. Strobl, Dirac sigma models, |Commun. Math. Phys. 260 (2005)

454 [hep-th/04111137).

[\
(@)

DO
=2}

[\)
BN |

[\

(0]

©

M. Gualtieri, Generalized complex geometry, math.DG/0401221].

N. Hitchin, Generalized Calabi- Yau manifolds, math.DG/0209099.

T.J. Courant, Dirac manifolds, Trans. AMS 319 (1990) 631.

E. Sharpe, Lectures on D-branes and sheaves, hep—th/03072485.

P. Griffiths, J. Harris, Principles of algebraic geometry, 1978, New York, Wiley & Sons.

V. Gorbounov, F. Malikov, V.Schekhtman, On chiral differential operators over homogeneous
spaces, math.AG/0008154: Gerbes of chiral differential operators, I, math.AG/0005201;
Gerbes of chiral differential operators, II, path.AG/000317(; Gerbes of chiral differential
operators, III, path.AG/9906117.

A. Alekseev and T. Strobl, Current algebra and differential geometry, JHEP 03 (2005) 035
[hep-th/0410183.

F. Malikov, V. Schekhtman, A. Vaintrob, Chiral de Rham complex, path.AG/9803041;

F. Malikov, V. Schekhtman, Chiral Poincare duality, path.AG/9905008; Chiral de Rham
complex II, path.AG/9901065;

V. Gorbounov, F. Malikov, V. Schekhtman, Deformations of chiral algebras and quantum
cohomology of toric varieties, math.AG/000117(;

E. Frenkel, M. Szczesny, Chiral de Rham complex and orbifolds, path.ag/0307181];

A. Kapustin, Chiral de rham complex and the half-twisted sigma-model, hep—th/0504074.

,19,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JGPHE%2C9%2C303
http://arxiv.org/abs/hep-th/9204083
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB399%2C691
http://arxiv.org/abs/hep-th/9210015
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB368%2C338
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB368%2C338
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB373%2C630
http://arxiv.org/abs/hep-th/9110053
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB103%2C207
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB103%2C211
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB241%2C333
http://jhep.sissa.it/stdsearch?paper=09%281999%29032
http://arxiv.org/abs/hep-th/9908142
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB180%2C247
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C112%2C567
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB160%2C55
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB160%2C55
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB271%2C93
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB271%2C93
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C260%2C455
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C260%2C455
http://arxiv.org/abs/hep-th/0411112
http://arxiv.org/abs/math.DG/0401221
http://arxiv.org/abs/math.DG/0209099
http://arxiv.org/abs/hep-th/0307245
http://arxiv.org/abs/math.AG/0008154
http://arxiv.org/abs/math.AG/0005201
http://arxiv.org/abs/math.AG/0003170
http://arxiv.org/abs/math.AG/9906117
http://jhep.sissa.it/stdsearch?paper=03%282005%29035
http://arxiv.org/abs/hep-th/0410183
http://arxiv.org/abs/math.AG/9803041
http://arxiv.org/abs/math.AG/9905008
http://arxiv.org/abs/math.AG/9901065
http://arxiv.org/abs/math.AG/0001170
http://arxiv.org/abs/math.ag/0307181
http://arxiv.org/abs/hep-th/0504074

[32] L. Baulieu, A.S. Losev and N.A. Nekrasov, Target space symmetries in topological theories, I,
[JHEP 02 (2002) 021| [hep-th/0106042].

[33] J. de Boer, L. Feher, Wakimoto realizations of current algebras: an explicit construction,

|Commun. Math. Phys. 189 (1997) 759.

. Frenke akimoto modules, opers and the center at the critical leve v. in Math. 195
[34] E. Frenkel, Wak dules, op d th h [ level, Ad Math
(2005) 197-404, path.QA/0210029.

[35] B. Fegin, E. Frenkel, A family of representations of affine Lie algebras, Rus. Math. Surveys
43 (1988) 221; Representations of affine Kac-Moody algebras and bosonization, in Physics
and mathematics of strings, pp. 271-316, World Scientific, 1990; Representations of affine
Kac-Moody algebras, bosonization and resolutions, |Lett. Math. Phys. 19 (1990) 3017.

[36] B. Feigin, E. Frenkel, Affine Kac-Moody Algebras and Semi-Infinite Flag Manifolds,
[Commun. Math. Phys. 128 (1990) 161.

[37] A. Connes, M. Dubois-Violette, Yang-Mills algebra, |Lett. Math. Phys. 61 (2002) 149,
path.QA/0206204

[38] N.A. Nekrasov, Lectures on open strings and noncommutative gauge fields, hep-th/0203109.

[39] P.A. Grassi, G. Policastro, M. Porrati and P. Van Nieuwenhuizen, Covariant quantization of
superstrings without pure spinor constraints, JHEP 10 (2002) 054 [hep-th/0112169];
Y. Aisaka and Y. Kazama, A new first class algebra, homological perturbation and extension
of pure spinor formalism for superstring, JHEP 02 (2003) 017 [hep-th/0212314].

[40] K. Liu, Holomorphic equivariant cohomology, Math. Annalen, 303 ( 1995) 125.

[41] A. Alekseev, L. Fadeev, S. Shatashvili, Quantization of symplectic orbits of compact Lie
groups by means of the functional integral, J. of Geometry and Physics, 5 (3) (1988) 391.

[42] M. Atiyah, R. Bott, The moment map and equivariant cohomology , Topology 23 vol. 1(1984)
1.

[43] M. F. Atiyah, I. M. Singer, Dirac operators coupled to vector bundles, Proc. Natl. Acad.
Sciences, 81 (1984) 2597.

[44] L.D. Faddeev and S.L. Shatashvili, Realization of the schwinger term in the gauss law and
the possibility of correct quantization of a theory with anomalies, |Phys. Lett. B 167 (1986)
; Algebraic and Hamiltonian methods in the theory of non-abelian anomalies, Theor.
Math. Phys. 60 (1984) 770.

[45] N. Nekrasov and S. Shadchin, ABCD of instantons, |Commun. Math. Phys. 252 (2004) 359
[hep-th/0404225).

[46] M. Movshev and A.S. Schwarz, On mazimally supersymmetric Yang-Mills theories,
| Phys. B 681 (2004) 324 [hep-th/0311139]; Algebraic structure of Yang-Mills theory,
hep-th/0404183.

[47] A. Gorodentsev and A. Losev, around late 2000, unpublished.

[48] L. Anguelova, P.A. Grassi and P. Vanhove, Covariant one-loop amplitudes in D = 11,
[ Phys. B 702 (2004) 269 [hep-th/0408171;
P.A. Grassi and P. Vanhove, Topological M-theory from pure spinor formalism,
[ Math. Phys. 9 (2005) 285 [hep-th/0411167].

,20,


http://jhep.sissa.it/stdsearch?paper=02%282002%29021
http://arxiv.org/abs/hep-th/0106042
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C189%2C759
http://arxiv.org/abs/math.QA/0210029
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=LMPHD%2CA19%2C307
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C128%2C161
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=LMPHD%2CA61%2C149
http://arxiv.org/abs/math.QA/0206205
http://arxiv.org/abs/hep-th/0203109
http://jhep.sissa.it/stdsearch?paper=10%282002%29054
http://arxiv.org/abs/hep-th/0112162
http://jhep.sissa.it/stdsearch?paper=02%282003%29017
http://arxiv.org/abs/hep-th/0212316
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB167%2C225
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB167%2C225
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C252%2C359
http://arxiv.org/abs/hep-th/0404225
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB681%2C324
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB681%2C324
http://arxiv.org/abs/hep-th/0311132
http://arxiv.org/abs/hep-th/0404183
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB702%2C269
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB702%2C269
http://arxiv.org/abs/hep-th/0408171
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C9%2C285
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C9%2C285
http://arxiv.org/abs/hep-th/0411167

[49]

[50]

N. Berkovits, Covariant quantization of the supermembrane, JHEP 09 (2002) 05|
lhep-th/0201151].

A.S. Schwarz, Noncommutative instantons: a new approach, [Commun. Math. Phys. 221|

(2001) 433 [hep-th/0102187].

E. Witten, Some properties of O(32) superstrings, |Phys. Lett. B 149 (1984) 351

M.B. Green and J.H. Schwarz, Anomaly cancellation in supersymmetric D = 10 gauge theory
and superstring theory, |Phys. Lett. B 149 (1984) 117

M.B. Green and J.H. Schwarz, Covariant description of superstrings, |Phys. Lett. B 136|

(1984) 3617.

L. Alvarez-Gaumé and E. Witten, Gravitational anomalies, |Nucl. Phys. B 234 (1984) 269

G. Moore, P. Nelson, The aetiology of sigma model anomalies, [Commun. Math. Phys. 100

(1085) 83;

P.S. Howe and G. Papadopoulos, Anomalies in two-dimensional supersymmetric nonlinear
sigma models, [Class. and Quant. Grav. 4 (1987) 1749.

N. Berkovits, ICTP lectures on covariant quantization of the superstring, hep—th/0209059|
N. Berkovits and S.A. Cherkis, Pure spinors are higher-dimensional twistors, JHEP 12

(2004) 049 [hep-th/0409243].

[58]

[59]

[60]

[61]

N. Berkovits, Multiloop amplitudes and vanishing theorems using the pure spinor formalism
for the superstring, [JHEP 09 (2004) 047 |hep-th/0406055].

E. Cartan, The theory of spinors, Dover, New York, 1981;

P. Budinich and A. Trautman, The Spinorial Chessboard, Trieste Notes in Physics,
Springer-Verlag, Berlin, 1988;

C. Chevalley, The algebraic theory of spinors, Columbia University Press, NY 1954.

N. Berkovits and N. Nekrasov, The character of pure spinors, |Lett. Math. Phys. T4 (2005) 75
[hep-th/0503075].

I. Oda and M. Tonin, On the b-antighost in the pure spinor quantization of superstrings,

[Phys. Lett. B 606 (2005) 21§ [hep-th/0409052)|; Y-formalism in pure spinor quantization of
superstrings, [Nucl. Phys. B 727 (2005) 17¢ [hep-th/050527 ;H, The b-field in pure spinor

quantization of superstrings, hep—th/0510223.

— 21 —


http://jhep.sissa.it/stdsearch?paper=09%282002%29051
http://arxiv.org/abs/hep-th/0201151
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C221%2C433
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C221%2C433
http://arxiv.org/abs/hep-th/0102182
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB149%2C351
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB149%2C117
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB136%2C367
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB136%2C367
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB234%2C269
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C100%2C83
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C100%2C83
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C4%2C1749
http://arxiv.org/abs/hep-th/0209059
http://jhep.sissa.it/stdsearch?paper=12%282004%29049
http://jhep.sissa.it/stdsearch?paper=12%282004%29049
http://arxiv.org/abs/hep-th/0409243
http://jhep.sissa.it/stdsearch?paper=09%282004%29047
http://arxiv.org/abs/hep-th/0406055
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=LMPHD%2CA74%2C75
http://arxiv.org/abs/hep-th/0503075
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB606%2C218
http://arxiv.org/abs/hep-th/0409052
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB727%2C176
http://arxiv.org/abs/hep-th/0505277
http://arxiv.org/abs/hep-th/0510223

